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A~tract 
Let P be a simplicial d-polytope with n facets ((d - D-dimensional faces) in R d. A shellinO of 
P is an ordering of the facets of P such that the intersection feach facet F with the union of all 
facets that precede it in the ordering is a nonempty union of(d - 2)-faces of F. The following 
open question was raised by Tverberg and is recorded in ['4]. Suppose for some k < n, there is 
an ordering of k of the facets of P so that the intersection feach of these facets with the union of 
all of the facets that precede it in the ordering is a nonempty union of (2 - 2)-faces. Can this 
initial "segment" be extended to a shelling of all the facets? This question is open even in the 
case that P is the dual of the d-dimensional hypercube. The question in this case has resurfaced 
several times since G. Danaraj and V. Klce (1978) in a variety of forms. It is related to the 
hierarchies ofcompletely unimedal pseudo-Boolean functions tudied in P.L. Hammer et al. 
(1988), the author (1988) and D. Wiedemann (1986). (A pseudo-Boolean function is a function 
mapping the vertices of the d-dimensional hypercube into the reals.) In this paper, the 
hierarchies are compared and combined, This hierarchy is then extended to general simple 
polytopes, and the relationship to the above open question is explained. 
1. Introduction 
A pseudo-Boolean function is a function mapping C d = {0,1 }d (the d-dimensional 
hypercube) into the reals. We call the d-duples 0-faees or vertices. In general, a k-face 
(or subcube) of C d is the set of 0-1 d-tuples obtained by fixing d - k coordinates to 
arbitrary 0-1 values and letting the remaining "free" components vary over {0,1}. 
Two vertices are said to be neighbors if the corresponding d-tuples differ in exactly 
one coordinate. A local minimum of a pseudo-Boolean function f is a vertex v such 
that f(v) <f(y)  for all neighbors y of v. An injective pseudo-Boolean functions is 
completely unimodal if it has a unique local minimum on each k-face, d >~ k ~> 2. 
Hammer et al. [7], Wiedemann [16], and Lawrence [9] have each independently 
isolated combinatorial properties of completely unimodal pseudo-Boolean function 
and created hierarchies of subclasses. In this paper, these hierarchies of subclasses of 
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completely unimodal pseudo-Boolean functions are compared and combined. The 
hierarchy is then extended to arbitrary simple polytopes. Finally, a relationship 
between this hierarchy and a long open question [4] is pointed out. 
The classes tudied properly extend linear separability (threshold functions). Isolat- 
ing combinatorial properties of these functions is one motivation for studying these 
classes. Another reason for studying these subclasses comes from looking for large 
classes of pseudo-Boolean functions that can be minimized in polynomial time. There 
is evidence that these subclasses are a good place to look (see [13,14, 7]). However, 
Llowellyn et al. [10] show that a polynomial local-improvement algorithm Can 
algorithm that moves from a vertex to a neighboring vertex at each step) that works 
for minimizing arbitrary pseudo-Boolean functions with a single local minimum does 
not exist. ~ Therefore, if a polynomial algorithm exists for completely unimodal 
pseudo-Boolean functions or one of the subclasses, it must make strong use of the 
combinatorial properties of the subclass. 
A final motivation for studying this hierarchy is its relationship to a long open 
question in [4]. Let P be a simplicial d-polytope with n facets in R d. A shelling of P is 
i - I  an arrangement FI, Fz ..... F, of the facets of P such that Fica Us~ l F~ is a nonempty 
union of (d - 2)-faces of Fi, 1 < i < n. The following open question was raised by 
Tverberg and is recorded in [4]. Suppose for some k < n, there is an ordering 
FI,Fz ..... Fk of k of the facets of P so that F/r~D~ ~ Fs is a nonempty union of 
(d - 2)-faces of F~ for all i, k ~ i > 1. Can this initial "segment" be extended to 
a shelling F~,/~ ..... Fn ofall the facets? This question is open even in the case that P is 
the dual of the d-dimensional hypercube (d-cube). The question in this case has 
resurfaced several times since [4] in a variety of forms, in the final section the 
relationship of this question to the hierarchy of subclasses of completely unimodal 
functions is explained. 
2. Preliminaries 
Recall that a conve.,c polytope is a bounded intersection of finitely many closed 
half-spaces in Euclidean space. A hyperplanv H is called a supporting hyperplane of the 
polytope P if P is contained in one of the closed half-spaces bounded by H and H ca P 
is not empty. A face of P is the intersection P with a supporting hyperplanc. Faces of 
dimension 0 are called ~'ertices. Faces of dimension 1and called edges. Two vertices 
which share an edge (i.e., adjacent vertices) will be called neighbors. Maximal proper 
faces are called facets. A polytope of dimension d (d-polytope) is called simple if each 
vertex is incident with exactly d facets. It is called simplicial if every face is a simplex; 
i.e., every k-dimensional face contains exactly k + ! vertices. "Simple" and "simplicial" 
arc dual notions. A polytope is said to be the dual of P (denoted P*) provided there 
exists a one-to-one mapping Abetween the set ofaU faces of P and the set ofaU faces of 
P* such that A is inclusion-reversing. This implies A(0)= P*, ~.(P)--0, and 
dim(F) + dim(A(F)) = d - 1 for all proper faces F of P. (S¢¢ [:1,5] for more details.) 
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The d-cube C a can be thought of as a simple polytope or as a graph with nodes 
corresponding to the vertices and edges determined by neighboring vertices. The 
Hamming distance between two vertices can be defined as the number of coordinate 
positions in which the two vertices differ. It is equivalent to the distance between two 
nodes in the graph theory sense. An isometry is a one-to-one map from C a onto C a 
that preserves distances. Given a k-face F, a k-face with the same set of "free" 
coordinates ( o that the fixed coordinates are simply fixed differently) iscalled parallel 
to F and a (d - kbface with free coordinates in the positions of F's fixed coordinates i  
called orthogonal to F. 
3. The subclasses 
To isolate the combinatorial properties of a completely unimodal pseudo-Boolean 
function F, ~level sets" of f are considered. A level set of f is the set of vertices uch 
thatf(x) is less than or equal to r, for some real number . All of the families of subsets 
of vertices of C a mentioned are hereditary. A family f~ of connected subsets of vertices 
of C a is called hereditary if it is closed under isometrics, S c~ Q ¢ Q for each face Q of C d, 
su(s  (D el) ~ f~ and Sc~(S (~ ei) EfL where ei is the (0, l)-vector with exactly one 1 in 
the ith position and @ is the coordinate-wise addition mod 2. These properties imply, 
among other things, that hereditary families are closed under restriction to a face of 
the cube and under projection to a lower-dimensional cube. (The projection era set of 
vertices S in C a onto a face F with "free" coordinates i~, i2 .... .  ik is defind as follows: 
x in F is in the projection if any of the vertices that are obtained by leaving the 
i~, i2 .... .  /L-coordinates o fx  alone and changing any of the others in S.) 
Four previously studied hereditary families of subsets of vertices are discussed here: 
simple, lopsided, orthant, and threshold. All are related to level sets of completely 
unimodal pseudo-Boolean functio~ls. Given a subset S of vertrices of C d, let 
x(S) ~ co(S) - ctlS) + czlS) . . . .  + ( - l)dcalS), where cdS) is the number of/-di- 
mensional subeubes contained in S. A subset S of vertices of C a is called simple if for 
any face F of C a, either S n F = 0 or Z(S r~ F ) = 1. Lawrence [.9] defined the family of 
lopsided sets. A subset S of vertices of C a is called lopsided if given any face F of the 
cube either there is a parallel face contained entirely in S or there is an orthogonal face 
contained entirely in the complement ofS. Orthant sets were studied independently b
both Wiedemann ['16] and Lawrence ['9]. A d-tuple (xt,xz .... .  xd) in { -  l, l} d 
represents he closed orthant { y E Rd[x~y~ 0, i = 1, 2 .... .  d}. Using a natural corre- 
spondence between {- I, 1 }a and {0,1 }a we can identify each veRex of C a as a repre- 
sentative of one of the 2 a closed orthants of R d. A subset S of vertices of C a is called 
orthant if there is a convex subset Y ofR d such that S is the set of representatives oftbe 
closed orthants which Y meets. The last family, threshold sets, was studied in ['7,16]. 
A subset S of vertices of C d is called threshold if there is a linear function 
L: {0,1 }a ..~ { Reals} and real number bso that a vertex is in S if and only if b >_, L (x). 
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Finally, a name is given to the level sets of completely unimodal pseudo-Boolean 
functions. A pseudo-Boolean function f is completely unimodal if and only if for any 
real number  and any face F of C d, the set of vertices on F with f (v)  < r is connected 
in F. A subset S of vertices of C d is called isometrically shellable if there exists an 
ordering of the vertices 1,2 .... .  k -- I SI so that for every r in { 1, 2 .. . . .  k} and every face 
F of C d the set of vertices in SnF  numbered less that r is connected in F. 
First, we note that simple and lopsided are equivalent notions and then we note 
how all of the families are related. 
Prolmsition 1. The family of simple sets is the same as the family of lopsided sets. 
Several elementary properties of simple and lopsided sets must be established 
before the proposition can be proved. The proofs of the first two lemmas are in [16] 
and the proof of the third is straightforward. 
Lemma 1. The family of simple sets is hereditary. 
Lemm 2. i f  the projection of a simple set S in C d to a face F is all F, then S contains 
a face parallel to F. 
Lemma 3. The family of lopsided sets is hereditary. 
Proof of Proposition 1. Firs~ we show that lopsided sets are simple. Let S be 
a lopsided set in C a and F a face of C a. If Sr~F -- 0 or F we are done, so assume 
0 c Sr~F ~ F and show x(Sr~F) ~- 1. We use induction on the dimension of F. 
WLOG assume that the first coordinate is one of the "free" coordinates of F and 
let Fo ~ Fc~{vertices with first coordinate 0} and Fl = F~e~.  WLOG assume 
neither Sr~Fo nor S~Fl  is the nullset (else by induction x (S~F)=I ) .  
Then X (Sr~ F) ~ x(Sr~ Fo) + x(Sr~ Fl ) -- x(Sr~(S ~ el )t~ Fo). By induction, x(Sr~ Fo) 
= ~(Sc~Fl) = 1. Since the family of lopsided sets is hereditary, Sc~(S ~ el) is lop- 
sided, so that x(Sc~(S~et)c~Fo)= I (by induction). Therefore, x(Sc~F)~ I + I 
- I = I. Next we show that simple sets are lopsided, again using induction, this time 
on the dimension of the smallest face on which the simple set is contained. Just by 
considering all the possibilities, one can show that simple subsets of 2-faces are 
lopsided. Assume that simple subsets of k-faces are lopsided for k ~- 2,3 . . . . .  d - 1. 
Let S be a simple subset, not entirely contained in a (d  - l)-face, that is not lopsided. 
Then there exists a face F so that no parallel face is entirely in S t. WLOG assume the 
first coordinate is one of the "free" coordinates of F. Consider Fo ~- Fc~(facet whose 
vertices have first coordinate 0) and Fl = Fc~(facet whose vertices have first coordi- 
nate I). So ~ Sea(facet whose vertices have first coordinate 0) is co~ltained ina (d - 1)- 
face so since it is simple (by hereditary property of simple sets) it must be lopsided. 
Likewise, for St = Sea(facet whose vertices have first coordinate 1). Since S is not 
lopsided, there cannot be a face in So of S~ orthogonal to F c~ Fo or Fc~ Fl contained 
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entirely in SCr~ {vertices with first coordinate 0} or $c:~ {vertices with first coordL, mte 
1}, respectively. Therefore, there is a face parallel to Fr~Fo in So and a face parallel to 
Fc~FI in $1. This implies that the projection of $ to F is all ofF, which by I.emma 
2 implies that S contains a face parallel to F. I-1 
Here is the herarehical relationship between the classes (for proof see [16]~ 
Threshold ~ Orthant ~_ iso.shellable ~ simple/lopsided 
The first inclusion above is proper, but whether or not the two involving isometrically 
shellable subsets are proper is unknown. However, Lawrence [9] showed that the 
orthant family is a proper subset of the simple/lopsided family, so that at least one of 
the two inclusions is proper. 
Even for threshold pseudo-Boolean functions, there xist exponentially ong pat~ 
that a local-improvement algorithm that chooses its path randomly may take. 
Average path length is much better [8,14]. The greedy local-improvement algorithm 
is exponential in the worst case for isometrically shellahle sets [15] but it is unknown 
what the worst case is for threshold or orthant pseudo-Boolean functions. 
We add one more family of subsets of C a. A linear objective function and polytope 
P (assuming no ties) induce a function f mapping the vertices of P into { 1, 2 . . . .  } 
defined by f(v) = I if v has minimum objective function value. A pseudo-Boolean 
function .f is realizable if there exists a polytope P combinatorially equivalent to C a 
and a linear objective function h so that f(v~) <f(v2) if and only if h(vi) < h(v~), 
where v~ is the vertex of P corresponding to v~. A subset of vertices of C a is called 
realizable if it is the level set of a realizable function. Smilansky [12] found an example 
of a completely unimodal (with threshold level sets, in fact) pseudo-Boolean function 
on C 3 such that the induced ordering of the vertices ofC 3 is not realizable. Therefore, 
we have the following proposition. 
Proposition 2. The family of realizable subsets is a proper subset of the family of 
isomctrically shellable subsets. 
4. The hierarchy for s~mi~e polytopes and shelling extendability 
Next we extend this hierarchy to simple polytopes and relate it to the open question 
about extending shelling orders. The definitions of threshold, isometrically shellable, 
simple, and realizable naturally extend to simple polytopes. Note that although the 
term "hereditary" is not defined for subsets of vertices of general simple polytopes, 
isometrically shellable, simple, and threshold are all "inherited" properties: If S, 
a subset of vertices of a simple polytope, is isometrically shellable, simple, or thresh- 
old, then S c~ F is isometrically shellable, simple, or threshold, respectively, for any face 
F of the polytope. Here we establish the above hierarchy in this more general case. The 
following lemma is needed. 
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Lemma 4. The complement of  an isometrically shellable set is connected on every face. 
Proof. Let S be an isometrically shellable set. We use induction on IS[. Suppose S¢ is 
not connected on some face F. Since S is isometrically sbellable, there is a vertex v that 
can be removed so that S - v is isometrically shellable. By the induction hypothesis, 
(S - v) ¢ is connected on F, so that v must be adjacent to at least two vertices v~ and 
v~ in SCofF. By [11] we know that v, vl ,  and v2 determine a 2-face that is a subface of 
F and that this 2-face can be thought of as a simple cycle v~,x~,x2 . . . . .  xm,ve,v,v~. 
Since S c is not connected on F, one of thexi's must be in S. But then this x~ and v are 
not connected by vertices in S on F, contrary to the fact that S is isometrically 
shellable. I-7 
Proposition 3. For a simple polytope P, a threshold subset of  vertices is isometrically 
shellable and an isometrically shellable subset of  vertk'es is simple. 
Proof. We note that a threshold subset is extendable: there exists a vertex in the 
complement ofthe set that can be added to the set to make a larger threshold set. (We 
simply "move" the separating hyperplane until it first reaches a vertex not in the set. 
Ties can be broken by slightly perturbing the hyperplane.) Since the complement of 
a threshold set is threshold, the complement can be extended and the induced order 
on the vertices of the set (in reverse) works to show that the set is isometrically 
shellable. Given an isometrically shellabl¢ subset S and a face F so that 
0 ~ SnF  c F~ we show x(Sc~F) = 1 so the fact that isometrically shellable sets are 
simple is established. We use induction on the number of vertices in Sc~F. Sc~F is 
isometrically shellable so there is an order on its vertices so that for any r in 
{ 1,2 .... .  [S c~ F I } the vertices numbered less than r in the ordering are connected on 
every face. Let v be the vertex numbered last in this order and F,. be the face 
determined by v and its neighbors that are in Sc~F. Then x(Sc~F)= 
x((S - {v})nF) + 1 - cl(F~.c~S) + c,(F~c~S) . . . .  + ( - l)~ck(F,.c~S}, where k is 
the dimension of F,,. Fvc~S must be all of Ft.. Since S - {v} is isometrically shellable, 
(S - {v})C is connected on F~. If there exists a vertex on Ft, that is not in S then there 
cannot be a path in S ¢ connecting it to v on F~ since all of v's neighbors on 
F,, are in S. Therefore, ! - cl (F~c~S) + cz(F~,c~S) . . . .  + ( - l)d cd(F,,c~S) ~ 1 - (~) + 
(~) . . . .  + ( - 1~' ([) = 0 and z((S - {v})c~F) = 1 by induction hypothesis, o that 
Z(S c~F) = 1. E2 
In [1, 8] it is pointed out that a shelling of the facets ofa simplicial polytope induces 
a completely unimodal function mapping the vertices of the dual simple polytop¢ into 
{ 1,2 . . . .  } and vice versa. The question of extending shelling orders of facets of 
~implicial polytopcs in the context of simple polytopes can be rephrased as follows. 
Can the ordering of the vertices of an isometrically shellahle subset S of vertices of 
a simple polytope be extended in S ~ until a completely unimodal function is defined? 
Equivalently, are isometrically sbellable sets extendable: given an isometrically 
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shollable sot S, does there exist a vertexy in S ¢ such that Su  {y} is connected on every 
face? Note threshold and realizable subsets are extendable. 
Proposition 4. I f  the complement of an isometrically shellable set is isornetrically 
shellable, then partial shellings of the facets of (Cd) * can be extended to complete 
sheilings. I f  the complement is not necessarily isometrically shellable, then both of the 
above inclusions involving isometrically shellable are proper, and there would exist 
a partial shelling of the facets of (Ca) * that could not be extended to a complete shelling. 
Proof. Suppose the complement of an isometrically shellable set is isometrically 
shellable. All we need to show is that there is a vertex not in S whose addition to 
S preserves the property of isometrically shellable. By definition of an isometrically 
set, since S" is isometrically shellable, there exists a vertexy in the complement ofS (S') 
so that S" - y is isometrically shellable. Thus, (S" - {y}) is isometrically shellable. But 
(S" - {y} )" = Su  {y}. The last two statements are easily proved by noting families of 
orthant and simple sets are closed under complementation [16], and the reverse 
ordering of a shelling is also a shelling. []  
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